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In Euclidean space, the Heine-Borel Theorem provides us with an elegant method
of determining whether a given set is compact: one need only check if the set is closed
and bounded. This allows not only for a practical way of proving compactness, but
also builds an intuitive understanding of what compactness means in Euclidean
space. However, the Heine-Borel Theorem may fail in more general metric spaces.
In particular, the theorem does not apply to the space of continuous real-valued
functions on an interval, C(I), where the metric in consideration is the supremum
metric.

Fortunately, the Arzela-Ascoli Theorem allows for an analogous formulation of
necessary and sufficient conditions for compactness in C(I). It states that the closure
of any set ® in that space is compact provided that two conditions are satisfied: (i)
the set @ is bounded in the supremum metric on the interval, and (ii) the set ®
is equicontinuous, which is a stronger condition than a uniform continuity of each
function.

The Arzela-Ascoli Theorem has been put to much use in different fields of math-
ematics. Notably, the theorem can be utilized in the proof of Peano’s Theorem,
which asserts the existence of solutions for ordinary differential equations of contin-
uous functions. In addition, there exist numerous generalizations of the theorem,
as well as analogous theorems that were proven in a similar way. See for instance
Tang and Li’s [2] generalization to Dyson Perturbation Theory and Romén-Flores
and Rojas-Medar’s [1] analogous proof in the context of level-continuous fuzzy sets
on Banach spaces.

The version of the Arzela-Ascoli Theorem we prove below is slightly weaker
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than the general statement, which allows for general metric spaces. However, our
version provides both a constructive and an intuitive approach for the proof: we will
construct a finite set of piecewise linear continuous functions that will approximate
the functions in ®. Such a method may not be possible in proofs for a general metric
space.

The formal phrasing of the theorem is as follows.

Theorem (Arzela-Ascoli). Let ® be a subset of C(I), the space of continuous real-
valued functions on I = [0, 1], equipped with the sup metric. Suppose that

(a) there is some L > 0 such that |o(x)| < L for allx € I and all p € D,
and

(b) for every € > 0 there is a 6 > 0 such that |p(z) — ¢(y)| < € for all ¢ € ®
whenever |z —y| < 0, and x,y € I.

Then the closure of ® is compact. Equivalently, every sequence of functions in ®

has a subsequence that converges in C(I).

To prove the theorem, we will start by simplifying it: we show that the closure
of ® is compact if ® itself is totally bounded. The proof of this lemma makes use
of the fact that each function in the closure set is a limit point of ® and thus close
to a function in ®. Hence, if ® is covered by a finite number of e-tubes, the closure
set is covered by ever so slightly wider tubes, centered about the same functions.
In addition, the closure set is complete, being a closed subset of a complete space.
The compactness of the closure set will follow immediately, since a complete totally
bounded set is compact in any metric space.

It will remain to show, of course, that ® is totally bounded. To that end, we will
show that each function in ® can be approximated by a piecewise linear continuous
function, selected out of a finite set. Here, both hypotheses in the Arzeld-Ascoli
theorem will be used: we will create a grid—spanning horizontally on the interval
I and vertically on the interval contained by the uniform bounds of ®—such that
any function in ® is close to a unique piecewise linear continuous function, running
through vertices of the grid. It will follow that ® can be covered by a finite number
of e-tubes, each centered at one of the (piecewise linear) continuous functions. That
is, the set ® is totally bounded. This will conclude the proof of the compactness of

the closure set.



Lastly, the Bolzano-Weierstrass Theorem will establish that the compactness of
the closure set implies that every sequence of functions in ® has a subsequence con-
verging to a function in the space, which is the statement of the second conclusion.
The converse will follow from the fact that elements in the closure set are limit
points of ®. Thus, a sequence of accumulation points of ® is close to a sequence
in ®, and the latter has a converging subsequence. It is then plausible that this
subsequence in ® will drag a subsequence in the closure set to a limit. Applying the
Bolzano-Weierstrass Theorem again would result in proving the compactness of the
closure set, as needed.

As explained above, we begin by proving the following lemma:

Lemma. Let ® be a subset of C(I), the space of continuous real-valued functions on
I =10,1], equipped with the supremum metric. If ® is totally bounded, then cl(®),

its closure with respect to C(I), is compact.

Proof. Suppose that ® is totally bounded. Then for any € > 0, we can find a finite
subset S = {&1,...,&n} C C(I) such that ® is covered by the union of &/2-balls,
centered at & € S. Equivalently, for any ¢ € ® we can find & € S, such that
d(p,&) < €/2, where d is the supremum metric. Consider ¢ € cl(®). Then ¢ € ®,
or 1 is an accumulation point of ®. If ) € ®, then it is clearly in one of the e-balls
centered at some &; € S. Otherwise, by definition there is ¢ € ® with d(p, ) < e/2.
By the triangle inequality we have

d(¥,&) < d(¥, ) + d(p, &)
<e/2+¢/2=¢,

for some & € S. Thus, 1 is in the e-ball centered at &;. It follows that cl(®) is
covered by a finite number of e-balls. That is, the closure of ® is totally bounded.
Since C(I) is complete, any closed subset of it—in particular, cl(®)—is complete. A
totally bounded complete set is compact in any metric space, hence cl(®) is compact,
as needed. O

We now turn to proving the Arzela-Ascoli Theorem:

Proof. Denote the closure of ® with respect to C(I) by cl(®). By the Lemma,
we only need to prove that ® is totally bounded. Let € > 0, and consider the
corresponding . and § as given by the two hypotheses. Let g = 0 and divide the



interval I into finitely many subintervals [x;, z;+1] of length less than ¢ and where
xn = 1. Similarly, let yo = —L and divide the interval [—L, L] into finitely many
subintervals [y;, y;+1] of length less than ¢ and where y,,, = L.

Consider ¢ € ®. Note that for any z; in the division above, the value ¢(x;) is
in [-L,L]. Since the subintervals [y;, yi+1] are of length less than e, there exists
at least one ys(;) such that d(p(w;),ys;) < €. Choose the minimal such index
f(i) and consider a graph which passes through all vertices (z;,y(;)) and is linear
between any two vertices. (Note in particular that we are choosing the minimal
index satisfying the inequality above, not the index minimizing the inequality.) We
show that the function ¢ corresponding to this graph is an element of C(I). Note
that 1 is clearly real-valued and defined on I. To show that v is continuous, note
that whenever x* # x; for some i € {0,...,n}, the continuity of ¢ at z* follows
from the linearity of v, and when x* = x; for such an ¢, the continuity of ¥ at x*
follows from the fact that the two ends of piecewise linear segments meet at x*.

Thus, we can construct a unique piecewise linear function 1 such that |¢(zy) —
o(zg)| < e for all k € {0,...,n}. Note that by the second hypothesis we have
lp(xk) — p(zps1)| < e for k € {0,...,n — 1}. Thus, by the triangle inequality we

have

(@) — Y (@e41)| < [(@e) — e(ar)| + [o(@r) — e(@re)| + [o(@r+1) — (@hs)]|
<e4+e4e=3e,

for all k € {0,...,n — 1}. Consider any x such that xy < x < zjy1. Then from the

piecewise linearity of 1, we must have

() < (x) < P(apgn) or Plar) = 9(x) = (@) -

Subtract ¢(xy) from all sides to obtain 0 < |¢(x)—v(z)| < | (xk) = (kgs1)|. Thus,
[(zx) — (x)] < 3e. In addition, we also have by hypothesis, |p(zx) — ¢(z)] < .
By the triangle inequality we have

(@) — e(@)] < [(@) = Plzp)| + [(zr) — e(zr)| + (@) — P ()]
<3+e+e=>5¢.

That is, for any ¢ € @, there exists ¢ € C(I) such that d(p,) < 5e. It follows that

® is covered by be-balls, centered at such ¢ functions.



To conclude that @ is totally bounded, we need to show that there are only
finitely many such 1 functions. There are (n + 1)(m + 1) vertices through which a
function 9 can pass. Each function must pass through precisely one vertex (z;, ys(;))
for each @ € {0,...,n}. Thus the total number of possible functions is at most
(m + 1)"*L. Thus, ® is totally bounded, and hence cl(®) is compact, as needed for
the first conclusion.

Recall that the Bolzano-Weierstrass Theorem states that a subset of a metric
space is compact if and only if it is sequentially compact. Since C(I) is a metric
space, by establishing that cl(®) is compact, we also have that it is sequentially
compact. Thus every sequence in cl(®) has a subsequence that converges to a point
in the cl(®). Since we have the inclusions ® C cl(®) C C(I), we can conclude
in particular that every sequence in ® converges to a point in C(I), which is the
statement of the second conclusion.

Conversely, suppose that every sequence of functions in ® has a subsequence
that converges in C(I). In particular, that subsequence must converge in cl(®),
which contains all limit points of ®. By the uniqueness of limits, this is the only
converging point of the subsequence. Consider a sequence in cl(®). If the sequence
has infinitely many terms in ®, we have a converging subsequence to a function
in cl(®). Otherwise the sequence has infinitely many accumulation points of ®.
Denote this subsequence by (¢;),~;. Let ¢; = 1/i and for each ¢; choose & € @
with d(¢;, &) < ;. By hypothesis: the sequence (&;),~, has a subsequence (&;, ).~
converging to a function in cl(®). By the Sandwich Lemma we have that (‘Pi)i;
has a subsequence converging to a function in cl(®), so that cl(®) is sequential_ly
compact. The Bolzano-Weierstrass Theorem implies that cl(®) is compact. Thus,

we have that the two conclusions are equivalent. O

We conclude this discussion by showing that the two hypothesis are indeed nec-
essary. Suppose that the first hypothesis fails. That is, suppose that the set is not
bounded. For instance, consider a set F' = {f1, f2,...} C C(I), where fr = k. Note
that in this case § can be any positive number, so the second hypothesis is satisfied.
However, for a positive e < 1/2, if ¢ € C(I) with d(¢, fx) < €, then d(¢, f;) > ¢
for all j # k. That is, infinitely many functions are required to cover F'. Thus, the
closure of F' is not compact.

Similarly, for the second hypothesis, consider a set G = {g1,¢2,...} C C(I),
where gi(x) = 2¥. Note that each function in G is bounded by L = 2 for all 2 € I,



so the first hypothesis is satisfied. However, the second hypothesis is not satisfied:
suppose toward a contradiction that for all € > 0 there exists a § > 0 such that
lgr(z) — gr(y)| < € for all g, € G whenever |z —y| < § and z,y € I. Let ¢ = 1/2.
Since gi(z) — 0 for < 1 and for all k, we can find some gj such that gx(x) < 1/2
for some x € (1—4,1). That is, |gr(x) —gx(1)| > €, while |[x—1| < ¢, a contradiction.

We need to show that there is a sequence of functions in G for which no sub-
k1 C G. Recall that
gr(x) — 0 for z < 1 and for all k. However, gi(1) = 1 for all k. Hence, the

sequence converges in C(I). Consider the sequence (gk)

sequence converges pointwise to

0 r#1
g(:v)Z{ 7 :
1 r=1

Since g(x) is not continuous, it cannot be a uniform limit of (gk) x>1- DBy the
uniqueness of limits, it follows that there is no uniform limit of the sequence. On

the other hand, any converging subsequence of (gk) must converge to g(x), which

k>1
is not a function in C(I). The proof of the equivalence of the two conclusions in the

Arzela-Ascoli Theorem implies that the closure of G is not compact.
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